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Abstract
The notion of a non-saddle decomposition of a compact ANR is introduced. This notion extends
that of a an attractor-repeller pair. Some cohomological properties of non-saddle decompositions are
studied. In particular, some inequalities in the spirit of the Morse–Smale equations for attractor-
repeller pairs are obtained. These inequalities involve the ranks of the cohomological Conley
index and also of a new cohomological invariant introduced here. The notion of a cyclic Morse
decomposition is also introduced and it is proved that this kind of decomposition admits filtrations
by non-saddle sets. Finally, these filtrations are used to obtain Morse–Smale equations that generalize
those of a Morse decomposition.
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In some recent papers [3,12,10,13,16,19] topological properties of attractors of flows
have been studied. In [3,13,19], Bogatyi and Gutsu, Günther and Segal, and Sanjurjo
proved that, under suitable conditions, attractors have the shape of finite polyhedra (this
is not true at homotopy level). Recently, Kapitanski and Rodnianski [16] have proved a
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similar characterization in the more general setting of flows on metric spaces, showing
that for a global attractor A of a flow on a metric space X, the inclusion i :A ↪→ X is
a shape equivalence. As a consequence, Sh(A) = Sh(X) and i induces isomorphisms of
ˇCech homology and cohomology. Finally, Gobbino [12] has shown that for a dynamical
system on a metric space X, when the flow is jointly continuous and there exists a global
attractor A, the ˇCech–Alexander–Spanier cohomology groups of A are isomorphic to the
corresponding cohomology groups of X.
In [10] it has been shown that not only the shape of an attractor is influenced through
the flow by the shape of the space (as shown in the above papers), but in its turn the
attractor conditions the shape of the positively invariant compacta contained in its region
of attraction. For example, if the ambient space is an AR and there exists an asymptotically
stable attractor then every positively invariant compactum containing the attractor has
trivial shape and, if the attractor is one-dimensional, then every positively invariant
continuum has trivial shape, while if it is n-dimensional (n 2) then the cohomotopy set
πm(L) (or the cohomotopy group when it is defined) is trivial for every positively invariant
continuum L and every m  n (see [10] for other results that illustrate the influence in
terms of shape of an attractor on its region of attraction).
All the above mentioned papers are concerned with attractors. However, there exists a
wider class of sets, which contains attractors and repellers, with shape theoretical properties
similar to those of the latter. This is the class of non-saddle sets. Their topological structure
has been studied in [11].
Let S be a compact invariant set of a flow ϕ :M ×R→ M on a locally compact metric
space M . We say that S is an isolated invariant set if there exists a compact neighborhood
N of S in X such that S is the maximum invariant subset of N . In this case, N is called an
isolating neighborhood for S in M .
Let ϕ :M × R → M be a flow. A set X ⊂ M is a saddle set if there is a neighborhood
U of X such that every neighborhood V of X contains a point x ∈ V with γ+(x) ⊂ U
and γ−(x) ⊂ U . We say that X is non-saddle if it is not a saddle set, i.e., if for every
neighborhood U of X there exists a neighborhood V of X such that for every x ∈ V ,
γ+(x) ⊂ U or γ−(x) ⊂ U .
Attractors and repellers are examples of non-saddle sets.
In [11], the following theorem characterizing the shape of non-saddle sets was proved.
The proof of the theorem uses the fact that compact ANRs have the homotopy type of finite
polyhedra [20].
Theorem 1. Let K be an isolated non-saddle set of the flow ϕ :M ×R → M , where M is
a locally compact ANR. Then K has the shape of a polyhedron.
In general, isolated invariant sets do not need to have the shape of a finite polyhedron
(see [11] for some examples).
We say that an isolated invariant set S is regular if there is an isolating neighborhood
N such that if x ∈ N , t  0 and xt ∈ N then x[0, t] ⊂ N . This is equivalent to saying that
orbits which leave N never return. In the next theorem [11] the notion of dual of a regular
isolated non-saddle set was introduced.
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Theorem 2. Let K be a regular isolated non-saddle set of the flow ϕ :M ×R→ M , where
M is a compact metric space. Let L be the set of all points x ∈ M such that ω+(x) ⊂ K
and ω−(x) ⊂ K . Then L is also a regular isolated non-saddle set. We call L the dual of K .
Moreover, L is non-empty whenever K = M .
The pair (K,L) formed by a set and its dual generalizes the notion of an attractor-
repeller pair.
We remind a last result from [11] in which, applying some classical complement
theorems in shape theory by Ivanšic´, Sher and Venema [14,15], it is proved that,
under appropriate conditions, the shape of a regular isolated non-saddle set completely
determines that of its dual.
Theorem 3. Let K1 and K2 be regular isolated non-saddle sets of the flows ϕ1, ϕ2 :M ×
R → M , where M = Sn or, more generally, a piecewise linear compact n-manifold.
Suppose that K1 and K2 satisfy the hypothesis of the Ivanšic´–Sher–Venema Theorem [15]
or the Ivanšic´–Sher Theorem [14]. Then, if Sh(K1) = Sh(K2), the dual sets L1 and L2 also
have the same shape. In particular, if K1 and K2 are attractors with the same shape, then
their dual repellers have the same shape too.
In this paper we study some cohomological properties of the non-saddle decomposition
of a compact ANR, M . We obtain, in particular, some inequalities in the spirit of the
Morse–Smale equations for attractor-repeller pairs (see [5]). These inequalities involve
the ranks of the cohomological Conley index and also of a new cohomological invariant
introduced here. We also introduce the notion of a cyclic Morse decomposition and prove
that this kind of decomposition admits filtrations by non-saddle sets. These filtrations can
be used to obtain Morse–Smale equations that generalize those studied by Kapitanski and
Rodnianski for a Morse decomposition of a global attractor [16]. Shape theory plays an
important role in the calculations of all the numerical invariants and polynomials that
appear in these equations.
The reader is referred to the books by Borsuk [4], Cordier and Porter [8], Dydak and
Segal [9] and Mardešic´ and Segal [17] for information on shape theory, the book by Bhatia
and Szego [2] for basic properties of dynamical systems, the paper by Bhatia [1] for basic
properties of non-saddle sets, and the papers by Conley [5,6], Conley and Easton [7] and
Robbin and Salamon [18] for information on the Conley index.
1. Non-saddle decompositions
Let ϕ :M × R → M be a flow on a compact metric space M . Let K and L be regular
isolated non-saddle sets of the flow. We say that (K,L) is a non-saddle decomposition of
M if L is the dual of K .
In this section we will prove a theorem relating the cohomology of M with that of a
non-saddle decomposition. We will need the following lemma.
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Lemma 4. Let (K,L) be a non-saddle decomposition of a compact metric space M .
Then there exists a map h :X → S1 = [−1,1]{−1,1} such that h−1(0) = K , h−1([1]) = L and
h(xt) < h(x), for every x /∈ K ∪ L and every t > 0.
Proof. We only give the sketch for the construction of h since the technique is the








and g :M → [−1,1] given by g(x) = sup{α(xt) | t  0}. Then h :X → S1 = [−1,1]{−1,1} such
that h(x) = ∫∞0 e−t g(xt) dt is the required function (when h(x) is 1 or −1 we should
understand the corresponding class in the quotient space [−1,1]{−1,1} ; this will always be tacitly
understood in the sequel). 
Let now (K,L) be a non-saddle decomposition of M . Consider the unstable manifold
of K , defined as the set Wu(K) = {x ∈ M | ω−(x) ⊂ K}. Then h(Wu(K)) = (−1,0].
Consider two sections W1 = h−1(a) (0 > a > −1) and W2 = W1t0 (t0 > 0).
Consider µ(K) = (W1[0,t0]
W1∪W2 , [W1 ∪ W2]), where µ(K) is a pointed space whose
topological type does not depend on the choices of the sections. In fact, µ(K) can
be understood as the pointed space (W×[0,1]
W×{0,1} , [W × {0,1}]), where W is a section of
Wu(K) \ K . In the sequel the index µ(K) will play an important role.
Consider, on the other hand, the Conley index h(L) of L. The Conley index of an
isolated invariant compactum is defined as follows: If (N1,N0) is an index pair for L in M
then h(L) is the homotopy type of (N1/N0, [N0]) (see [5] for details).
Using the above lemma we can prove the following theorem which relates the ˇCech-
cohomology of the global space M with that of the above defined spaces. We denote by
WK and WL the (compact) sections of Wu(K) \ K and Wu(L) \ L, respectively.
Theorem 5. Let (K,L) be a non-saddle decomposition of a compact metric ANR, M . Then
there exists an exact sequence
· · · → Hˇ n−1(WK) ⊕ Hˇ n−1(WL)
→ Hˇ n(M) → Hˇ n(K)⊕ Hˇ n(L) → Hˇ n(WK) ⊕ Hˇ n(WL)
→ Hˇ n+1(M) → ·· · .
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In particular, for every n we have
rank Hˇ n(M) rank Hˇ n(K) + rank Hˇ n(L)
+ rank Hˇ n−1(WK) + rank Hˇ n−1(WL). (1)
Moreover, the two following inequalities also hold:
rank Hˇ n(M) rank Hˇ n(K) + rank Hˇ n(µ(K))+ rank Hˇ n(h(L)), (2)
rank Hˇ n(M) rank Hˇ n(L) + rank Hˇ n(µ(L))+ rank Hˇ n(h(K)). (3)
All the ranks involved in the former expressions are finite.
Proof. The exact sequence is obtained from the Mayer–Vietoris sequence for the triple
(M,M1,M2), where M1 = {x ∈ M | |h(x)| c} for some c ∈ (0,1), and M2 = {x ∈ M |
|h(x)|  d} for some d ∈ (0,1), 0 < d < c. Then M1 ∩ M2 is the disjoint union of two
compact sets MK and ML contained in Wu(K) \ K and Wu(L) \ L, respectively, and
the inclusions K ↪→ M1, L ↪→ M2, WK ↪→ MK and WL ↪→ ML are shape isomorphisms
induced by the flow (the justification of this fact is similar to the discussion at the end of
this proof in which we describe several related shape equivalences).
Now, since ˇCech-cohomology is a shape invariant we directly obtain the long exact
sequence in the statement of the theorem from the Mayer–Vietoris sequence of the triple
(M,M1,M2), and from that long exact sequence we directly obtain (1).
We now prove (2). Consider the long ˇCech-cohomology sequences
· · · in−1−→ Hˇ n−1(Wu(L) ∪K)
δn−→ Hˇ n(M,Wu(L) ∪ K) jn−→ Hˇ n(M) in−→ Hˇ n(Wu(L) ∪ K)
δn+1−→ Hˇ n+1(M,Wu(L) ∪ K) jn+1−→ · · ·
and
· · · i
n−1∗−→ Hˇ n−1(K)
δn∗−→ Hˇ n(Wu(L) ∪K,K) jn∗−→ Hˇ n(Wu(L) ∪K) in∗−→ Hˇ n(K)
δn+1∗−→ Hˇ n+1(Wu(L) ∪K,K) jn+1∗−→ · · ·
of the compact pairs (M,Wu(L) ∪ K) and (Wu(L) ∪K,K).
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From these sequences we obtain the following identitiesrank Hˇ n(M) = rank Hˇ n(M,Wu(L) ∪ K)+ rank Hˇ n(Wu(L) ∪ K)
− rankδn − rankδn+1
rank Hˇ n
(
Wu(L) ∪K)= rank Hˇ n(Wu(L) ∪K,K)+ rank Hˇ n(K)
− rankδn∗ − rankδn+1∗
which imply that
rank Hˇ n(M) rank Hˇ n
(
M,Wu(L) ∪ K)+ rank Hˇ n(Wu(L) ∪K,K)
+ rank Hˇ n(K).
All the ranks involved in the former expressions are finite since we are dealing with
compacta with polyhedral shape as it can be easily deduced from the following discussion
and from Theorem 1.
To end the proof of the theorem we show that rank Hˇ n(M,Wu(L) ∪ K) =
rank Hˇ n(µ(K)) and rank Hˇ n(Wu(L) ∪ K,K) = rank Hˇ n(h(L)).
To prove the first equality consider the inclusion
Wu(L) ∪ K ↪→ Wu(L) ∪K ∪ W1(−∞,0] ∪W2[0,∞)
which is a shape isomorphism defined by the flow. This is due to the fact that the
flow induces a shape deformation retraction from Wu(L) ∪ K ∪ W1(−∞,0] ∪ W2[0,∞)
to Wu(L) ∪ K . To define this shape deformation retraction consider, for every n ∈ N,
W1,n = W1(−n) and W2,n = W2(n), and consider the approximative sequence{
fn :W






f1,n(x) if x ∈ W1[−n,0],
x if x ∈ Wu(L) ∪ K ∪W1,n(−∞,0] ∪W2,n[0,∞),
f2,nx if x ∈ W2[0, n],
where f1,n(x) = x(−∞,0] ∩ W1,n if x ∈ W1[−n,0], and f2,n(x) = x[0,∞) ∩ W2,n if





M,Wu(L) ∪ K)= Hˇ n(M,Wu(L) ∪ K ∪ W1(−∞,0] ∪ W2[0,∞))
= Hˇ n(W1[0, t0],W1 ∪ W2) (by excision)
= Hˇ n(µ(K)).
The second equality can be proved as follows: Consider N isolating neighborhood of L
such that N = 
W1[0,∞)∪ L ∪ 
W2(−∞,0]
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W1 = h−1(b) (−1 < b < 0) and 
W2 = h−1(c) (0 < c < 1) are sections (hence the
exit set of N is 
W2, i.e., (N, 




Wu(L) ∪K,K)= Hˇ n(Wu(L) ∪ K, 
W2[0,∞) ∪K)
= Hˇ n(L ∪ 
W2(−∞,0], 
W2) (by excision)
= Hˇ n(N, 
W2)
= Hˇ n(h(L))
since the inclusions K ↪→ 
W2[0,∞) ∪ K and N ∩ Wu(L) = L ∪ 
W2(−∞,0] ↪→ N are
shape isomorphisms defined by the flow. 
We show in the next example that the second inequality in Theorem 5 is sharp.
Example 6. Consider M the quotient space of S2 after identifying the north and south
poles, and consider the flow on M induced by the following flow on S2.
The orbits are spirals coming from the equator and converging to the north pole for
points of the northern hemisphere, spirals coming from the south pole and converging to the
equator for points of the southern hemisphere, the points of the equator form a periodical
orbit and the poles are fixed points.
Then the set K formed by the two poles identified is a regular isolated non-saddle set of
the flow whose dual set is the equator L.
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In this case we have the following ranks for the cohomology groups in the formula:rank Hˇ 2(M) = 1, rank Hˇ 1(M) = 1, rank Hˇ 0(M) = 1,








)= 0, rank Hˇ 1(h(L))= 0, rank Hˇ 0(h(L))= 0.
Hence rank Hˇ n(M) = rank Hˇ n(K) + rank Hˇ n(µ(K))+ rank Hˇ n(h(L)) in all dimensions.
2. Cyclic Morse decompositions
An important notion in the Conley index theory is that of a Morse decomposition. The
classical notion is not suitable to describe cyclic behavior of flows. We present here an
extended notion that can be used in such a context. Our definition is based in the notion of
a non-saddle decomposition here introduced.
Let ϕ :M × R → M be a flow on a compact ANR M . A cyclic Morse decomposition
of M is a family M0,M1,M2, . . . ,Mn of closed invariant sets such that Mi ∩ Mj = ∅
if 0  i < j  n − 1, Mn = M0, and such that any x ∈ M satisfies one of the following
conditions:
(1) ω+(x) ∪ω−(x) ⊂ Mi , in which case x ∈ Mi ,
(2) ω+(x) ⊂ Mi and ω−(x) ⊂ Mj with 0 i < j  n − 1, or
(3) ω+(x) ⊂ Mi and ω−(x) ⊂ Mn with 0 < i  n − 1.
Moreover, if we define, for every i  j :
Mi,j =
{
x ∈ M | ω+(x) ⊂ Mi′ and ω−(x) ⊂ Mj ′ , with i  i ′  j ′  j
}
thenMi,j is a closed set.
When n = 2 we clearly have a non-saddle decomposition.
Example 7. The condition on theMi,j being closed sets is not deduced from the rest of
the hypotheses. An example is given by the following dynamical system on a Möbius band
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Another example is given by the following flow on a cylinder:
where M0 is the set formed by the 2 points at the front part of the band, and M1 and M2
are the end-points of the vertical arrow.
It is not difficult to see that, if in the former definition only M0,n−1 and M1,n are
required to be closed sets, then all theMi,j are also closed.
Theorem 8.M0,0 = M0,M0,1,M0,2, . . . ,M0,n−1 are isolated invariant non-saddle sets.
Proof. We prove first that M0,n−1 is isolated. Since M0,M1, . . . ,Mn−1 is a Morse
decomposition of ϕ|M0,n−1 this will imply that M0,M0,1, . . . ,M0,n−2 are also isolated
invariant sets.
SupposeM0,n−1 is not an isolated set. Then there exist a neighborhood basis {Vk} of
M0,n−1 and orbits γ (xk) ⊂ Vk \M0,n−1, and hence ω−(xk) ⊂ Mn and ω+(xk) ⊂ Mi, i =
0.
Take a compact neighborhoodV0 of M0 disjoint with all Mi, i = 0, n. Then V0 is clearly
an isolating neighborhood.
Since ω−(xk) ⊂ M0, the orbits γ (xk) intersect the boundary of V0. Denote by yk the
first point in γ (xk) contained in the boundary of V0 (this implies that yk(−∞,0] ⊂ V0).
Suppose, without loss of generality, that {yk} converges to y0. Then y0 ∈M0,n−1 and its
ω−-limit has to be contained in V0, and hence has to be contained in the maximal invariant
set in V0, namely, M0. Therefore ω−(y0) ⊂ M0. But the only points in M0,n−1 whose
ω−-limit is contained in M0 are those of M0. Hence y0 ∈ M0. Contradiction.
We prove now that M0,i is non-saddle. Suppose it is saddle. Then there exists a
neighborhood U ofM0,i and a sequence of points {xk} ∈ U \M0,i such that {xk} → x0 ∈
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M0,i and such that, for every k ∈ N, γ+(xk) ⊂ U and γ−(xk) ⊂ U . We may also suppose
that there exists j ∈ {1,2, . . . , n} such that ω−(xk) ⊂ Mj for every k ∈ N. We see now that
j = n. If j < n then {xk} ⊂M0,n−1 and, sinceM0,i is an attractor inM0,n−1, then there
would exist a k0 > 0 such that γ+(xk) ⊂ U for every k  k0 and this is a contradiction.
Therefore ω−(xk) ⊂ M0 for every k ∈N.
We see now that we may take the sequence {xk} such that its limit x0 ∈ M0.
Suppose ω+(x0) ∈ Mj , (i  j  0). By the continuity of the flow there exists, for every
k bigger than some k0 ∈ N, yk ∈ γ+(xk) such that all the trajectories between the points
xk and yk are contained in U , and yk → y0 ∈ Mj . If j = 0 we are done. If not, take
a compact isolating neighborhood of Mj , Uj ⊂ U , disjoint with all Mr , r = j . We may
suppose that yk ∈ Uj for every k ∈N, and we know that γ+(yk) ⊂ Uj . Therefore, the orbits
γ+(yk) intersect the boundary of Uj . Denote by zk the first point in γ+(yk) contained in
the boundary of Uj . Suppose that {zk} converges to z0. Then ω−(z0) ⊂ Mj and, since
z0 /∈ Mj , then ω+(z0) ⊂ Ml, l < j . Repeating the above reasoning, there exists, for every
k bigger than some k0 ∈ N, ak ∈ γ+(xk) such that all the trajectories between the points xk
and ak are contained in U , and ak → a0 ∈ Ml . Iterating this process we obtain, for every k
bigger than some k0 ∈ N, bk ∈ γ+(xk) such that all the trajectories between the points xk
and bk are contained in U , and bk → b0 ∈ M0.
Hence, we may assume that limk→∞{xk} = x0 ∈ M0.
We now take a compact isolating neighborhood of M0,U0 ⊂ U , disjoint with all
Mr, r = j . We may suppose that xk ∈ U0 for every k ∈N, and we know that γ−(xk) ⊂ U0.
Therefore, the orbits γ−(xk) intersect the boundary of U0. Denote by ck the last point,
before xk , in γ−(xk) contained in the boundary of U0. Suppose that {ck} converges to c0.
Then ω+(c0) ⊂ M0. But, on the other hand, c0 ∈⋃∞k=0 γ (xk) ⊂M1,n =M1,n, and the
only points here with its ω+-limit in M0 are those of M0. Contradiction. 
The following result extends a theorem of Kapitanski and Rodnianski [16] to the context
of cyclic Morse decompositions.
Theorem 9. Let ϕ :M×R→ M be a flow on a compact ANR and let M0,M1, . . . ,Mn be
a cyclic Morse decomposition of ϕ. Then the family
M0,−1 = ∅ ⊂M0,0 ⊂M0,1 ⊂M0,2 ⊂ · · · ⊂M0,n = M
is a filtration of M by compact isolated non-saddle sets. Associated to this filtration we





tq rank Hˇ q(M0,k,M0,k−1) =
∞∑
q=0
tq rank Hˇ q(M0,r ) + (1 + t)Qr(t),
where Qr(t) =∑rk=0∑∞q=1 tq−1 rank δq,k for every r = 1,2, . . . , n, where
δq,k : Hˇ q−1(M0,k−1) → Hˇ q(M0,k,M0,k−1)
is the coboundary homomorphism in the long cohomology sequence of the pair (M0,k,
M0,k−1).
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Proof. For every k, 0 k  r , consider the long ˇCech-cohomology sequence· · · iq−1,k−−→ Hˇ q−1(M0,k−1)
δq,k−→ Hˇ q(M0,k,M0,k−1) j
q,k
−→ Hˇ q(M0,k) i
q,k−→ Hˇ q(M0,k−1)
δq+1,k−−→ Hˇ q+1(M0,k,M0,k−1) j
q+1,k
−−→ · · ·
of the compact pair (M0,k,M0,k−1).
From these sequence we obtain the following identities
rank Hˇ q(M0,k) = rank Hˇ q(M0,k,M0,k−1) + rank Hˇ q(M0,k−1)
− rankδq,k − rankδq+1,k
for every q and 0 k  r .
Adding all these identities we obtain
rank Hˇ q(M0,r) =
r∑
k=0





for every q .
Finally, these identities easily imply the polynomials identity in the statement of the
theorem. 
By Theorem 8,M0,r is non-saddle, and hence it has the shape of a polyhedron and its
cohomology is finitely generated and trivial in higher dimensions. For this reason all the
polynomials are of finite degree.
In the evaluation of the groups Hˇ q(M0,k,M0,k−1) shape theory plays an important
role. When k < n,M0,k−1 is an attractor inM0,k and a situation similar to this has been
studied by Kapitanski and Rodnianski in [16], where they prove that Hˇ q(M0,k,M0,k−1)
agrees with Hˇ q(W∗Mk ,WMk ), where W
∗
Mk
is the initial part of the unstable manifold
Wu(Mk) having by boundary the section WMk (i.e., W∗Mk = Mk ∪ WMk(−∞,0]).
The evaluation of Hˇ q(M0,n,M0,n−1) is different becauseM0,n−1 does not need to
be an attractor in M . We remark here that Mn is a regular non-saddle set whose dual is
M1,n−1. We consider Wu = Wu(Mn), the unstable manifold of Mn, and take two compact
sections W1 and W2 of Wu such that W2 = W1t0 and Wu = Mn ∪W1(−∞,0]∪W1[0, t0]∪
W2[0,∞).
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Then the inclusion j :M0,n−1 ↪→ M0,n−1 ∪ W1(−∞,0] ∪ W2[0,∞) is a shape
isomorphism induced by the flow. Hence
Hˇ q(M0,n,M0,n−1) = Hˇ q
(M0,n,M0,n−1 ∪ W1(−∞,0] ∪W2[0,∞))
= Hˇ q(W1[0, t0],W1 ∪ W2) (by excision)
 Hˇ q(W1 × [0,1],W1 × {0,1})
= Hˇ q(µ(Mn)).
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